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MULTIVARIABLE LUBIN-TATE 0, T)-MODULES AND 

FILTERED (^-MODULES 

Laurent Berger 



Abstract. — Wc define some rings of power series in several variables, that are attached 
to a Lubin-Tate formal module. We then give some examples of (cp, r)-modules over those 
rings. They are the global sections of some vector bundles on the p-adic open unit polydisk, 
that are constructed from a filtered ^-module using a modification process. We prove that 
we obtain every crystalline (</?, r)-module over those rings in this way. 
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Introduction 

Let F be the unramified extension of Q p of degree h and let q = p h so that the residue 
field of Op is F q . We fix an embedding F C Q p so that if o : F — > F denotes the 
absolute Frobenius map, which lifts x i— >■ x p on F q , then the h embeddings of F into Q p 
are given by Id, a, ... , a h ~ x . The symbol cp q denotes a a^-semilinear Frobenius map. If 
K is a subfield of Q , then let G% = Gal(Q p /K). 
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The goal of this short note is to present a first attempt to construct some "multivariable 
Lubin-Tate (if, r)-modules" , that is some (ip q , lV)-modules over rings of power series in 
h variables, on which IV = O f acts by a formula arising from a Lubin-Tate formal 
(9p-module. A construction of such (<p q , IV)-niodules, but "in one variable", was carried 
out by Kisin and Ren in |KR09] : they prove that in certain cases, the (<p q , IV)-modules 
arising from Fontaine's standard construction of |Fon90j are overconvergent. In order to 
do so, Kisin and Ren adapt the constructions of (<p, r)-modules attached to filtered (<p, N)- 
modules given in |Ber08b] to their setting, which allows them to attach a ((p q , IV)-module 
in one variable to a filtered (/^-module. They then point out in the introduction of [KR09J 
that "it seems likely that in order to obtain a classification valid for any crystalline Mis- 
representation one needs to consider higher dimensional subrings of ^(Fr R), constructed 
using the periods of all the conjugates of [the Lubin-Tate group]". 

The motivation for these computations is the hope that we can construct some repre- 
sentations of the Borel subgroup of GL 2 (F), for example using the recipe given by Colmez 
in |CollO] . that would shed some light on the p-adic local Langlands correspondence for 
GL2(-F) (see |BrelO] ). Theorems A, B and C below are a very first step in this direc- 
tion, but remain insufficient. In particular, the "p-adic Fourier theory" of Schneider and 
Teitelbaum (see |ST01j ) will very likely play an important role in the sequel. 

We now describe our results in more detail. Let LT^ be the Lubin-Tate formal Op- 
module for which multiplication by p is given by [p](T) = pT + T q . We denote by [a](T) 
the element of Of PI that gives the action of a £ Op on LT^. We consider two rings 
1Z + (Y) and TZ(Y) of power series in the h variables Yq, . . . , Yh-i, with coefficients in F. 
The ring TZ + (Y) is the ring of power series that converge on the open unit polydisk, 
and TOY) is the Robba ring that corresponds to it, by adapting Schneider's construction 
given in the appendix of }Zabl2j . The action of the group O f on those rings is given by 
the formula a(Yj) = \a^(a)]{Yj), and the Frobenius map ip q is given by <p q (Yj) = \p)(Yj). 

The construction of p-adic periods for Lubin-Tate groups gives rise to a map TZ + (Y) — > 
B+ g , where B+ g is the Frechet completion of B + = W / (E + )[l/p], and we prove (corollary 
13. 7p that this map is in fact injective (if TZ + (Y) denotes the completion of the perfection 
of 7Z + (Y), then the map above extends to a map 1Z + {Y) — )■ but note that, by the 
theory of the field of norms of [FW79j and [Win83j, this latter map is not injective 
anymore if h ^ 2. This has prevented us from studying etale y^-modules using Kedlaya's 
methods, so such considerations are absent from this note). 

Let Dbea finite dimensional F-vector space, endowed with an F-linear Frobenius map 
ip q : D — >■ D, and an action of on D that factors through Tp and commutes with (p q . 
For each ^ j h — 1, let Fil* be a filtration on D that is stable under Tp. 



MULTIVARIABLE LUBIN-TATE (ip, T)-MODULES AND FILTERED vj-MODULES 3 

For example, if V is an F-linear crystalline representation of Gp of dimension d, then 
Dcris(^) is a free F ©q p F-module of rank d, and we have D cris (V A ) = D © <f(D) © • • • © 
tph-i^jj^ according to the decomposition of -F©q p F as Y\ a i. F ^ F F . Each ip*{D) has the 
filtration induced from D clis (V), and we set Fir)D = <p-i (Fil fc D cris (F) n ^' (£>)). 

The composite of the map 1Z + {Y) — > B+ g with the map ip~ k : B+ g — > B^ g gives 
rise to a map : 1Z + {Y) — )■ B+ g . Let log LT (T) be the logarithm of LT^, and let 

A = n^=o ^ Slt(^')/^?' (note that the image of n^=o 1°Slt(^j') * n -^rig * s some multiple 
of t = log(l + X), so that A is an analogue of t/X). Define 

M + (D) = {ye K + {Y)[l/\] ® F D, t k (y) G Fil° fc (B dR ®f" D) for all k ^ h}. 

Theorem A. — The 1Z + (Y) -module M + (D) is free of rank dim D. 

The definition of M + (D) is analogous to the one given in [Ber08bJ, [KR09J and similar 
articles. When h = 1, the proof of theorem A relies on the fact that M + (D) can be seen 
as a vector bundle on the open unit disk. Our proof of theorem A relies on the one 
dimensional case, and on the interpretation of M + (D) as a vector bundle on the open 
unit polydisk. These vector bundles were studied by Gruson in |Gru68j and Bartenwerfer 
in [Bar81] . 

Let M(£>) = K(Y) ®k+(y) M + (£>), so that M(D) is free of rank dimL> over the Robba 
ring TZ(Y). 

Theorem B. — If D andM(D) are as above, then: 

1. M(D) is a {ip q ,T p) -module over1Z(Y); 

2. if V is an F -linear crystalline representation of Gf, and if D arises from D cr i S (V) 
as above, then there is a natural map Bj ig ®-r,(y) M(Z?) — > Bj ig ©^ V , and this map 
is an isomorphism. 

If M is a (<p q , r F )-module over K(Y), then we define D cris (M) = (K(Y)[l/t) © TC( y) M) Ff 
and we say that M is crystalline if dimD cr ; s (M) = rk(M). For example, if D is a filtered 
ifq- module with h filtrations Fil* as above, and on which the action of Gp is trivial, then 
M(D) is a crystalline (<p q , IV)-module. 

Theorem C. - - The functors M (->■ D cris (M) and D i— > M(D), between the category of 
crystalline (<f q ,T >) -modules overlZiY) and the category of (f q -modules with h filtrations, 
are mutually inverse and give rise to an equivalence of categories. 

We now give a short description of the contents of this note: in £TjQ, we give some 
reminders about the p-adic periods of Lubin-Tate formal C^-modules. In £J2], we define 
the various rings of power series that we use, and establish some of their properties. In 
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§3j we embed those rings in the usual rings of p-adic periods. In §H we briefly survey 
Kisin and Ren's construction and explain why (<p q , IV)-modules over rings of power series 
in several variables are needed. In §51 we attach such objects to filtered ^-modules and 
prove theorem A. In §61 we prove theorem B. In §7J we study crystalline (<p q , IV)-modules 
and prove theorem C. 

Acknowledgments: I am grateful to P. Colmez, J.-M. Fontaine, L. Fourquaux, M. Gros, 
K. Kedlaya, R. Liu, V. Pilloni, P. Schneider, B. Stroh, B. Xie and especially C. Breuil 
for helpful conversations and remarks. 



1. Periods of Lubin-Tate formal groups 

Let LTh be the Lubin-Tate formal C^-module for which multiplication by p is given 
by \p](T) = pT + T q . We denote by [a](T) the element of Of[T] that gives the action of 
a G Op on LT^ and by S(T, U) = T @U the element of Op{T, UJ that gives addition. 

Let 7r = and for each n ^ 1, let n n G Q p be such that [p](7r n ) = 7r n _i, with tti ^ 0. 
We have val p (7r n ) = l/q n ^ 1 (q — 1) if n ^ 1. Let F n = F{ji n ) and let F^ = U n ^iF n . Recall 
that Ga^Foo/F) ~ O f and that the maximal abelian extension of F is F^ ■ F nnr . Denote 
by Hp the group Gal(Q p /Foo), by Yp the group Gal(Foo/F) and by xlt the isomorphism 
Xlt : Yp — > O f . In the sequel, we sometimes directly identify Tp with O f , that is we 
drop "xlt" from the notation to make the formulas less cumbersome. 

Let E + = h_m ^ q Oc p /p and A + = W / (E + ) denote Fontaine's rings of periods (see 
[Fon94j). Note that we take the limit with respect to the maps x t— > x q , which does 
not change the rings. Let (p q : A + — > A + be given by (p q = (p h . Recall that in §9.2 of 
[Col0 2j. Colmez has constructed a map {•} : E + — > A + having the following property: 
if x = (xo, xi, . . .) G E + , then {x} is the unique element of A + that lifts x and satisfies 
fq({ x }) = [p\({ x })- We then have 9({x}) = lim n _ i , 00 [p n ](x ri ), where x n G Oc p is any lift 
of x n . 

Let u = {(710,71"!,...)} G A + , so that g{u) = [xlt(9)](u) if g G Gp. Let A F be the 
p-adic completion of inside A + and let A be the p-adic completion of A F nr . 

By the theory of the field of norms (see [FW79] and [ Win83] ) , we have A F = A Hp . 

Let log LT (T) G F\T\ denote the Lubin-Tate logarithm map, which converges on the 
open unit disk and satisfies log LT ([a](T)) = a ■ log LT (T) if a G Of. Recall (see §9.3 of 
[Col02j) that log LT (w) converges in to an element tp which satisfies a(tp) = a ■ tp. 
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Let Qk{T) be the minimal polynomial of TCk over F. We have Qo(T) = T, Q\(T) = 
p + TP- 1 and Q k +i{T) = Q k (\p]{T)) if k ^ 1. Note that 

log LT (T) = T.n^. 

Indeed, log LT (T) = lim fc _ 00 p- fc • [/](T) (§9.3 of [ColO^ and [/](T) = Q (T) ■ ■ • Q k (T). 
Let exp LT (T) denote the inverse of log LT (T). We have exp LT (T) = Y^k=i e kT k with 
v p {e k ) ^ —k/ {q - 1). For example, log Gm (T) = log(l + T) and exp Gm (T) = exp(T) - 1. 

Remark 1.1. — Our special choice of [p](T) = pT + T q is the simplest. Since [p](T) 
belongs to Z P [T], the series Qk(T), log LT (T) and exp LT (T) all have coefficients in Q p . It 
also implies that [er(a)](T) = a([a)(T)), since [a](T) = exp LT (a • log LT (T)). 

Lemma 1.2. — If z E mc p , then 

[l + a](z) — z . . . dS , nS . 

— = log LT ^ • -rrA*, + 0(a), 

a ail 



as a —j- in Op- 



Proof. - - We are looking at the limit of (S(z, [a] (z))-z)/aasa->0. If a is small enough, 
then [a](z) = exp LT (a ■ log hT (z)) = a ■ log LT (,z) + 0(a 2 ), which implies the lemma. □ 



2. Rings of mult i variable power series 

We consider power series in the h variables Y , . . . , Yh-\- If Y m = Y™° ■ ■ ■ Y^' 1 is a 
monomial, then its weight is w(m) = m + pm\ + • • ■ + p fl ~ 1 rrif l ^i. If / is a subinterval of 
[0; +oo] and if J = {ji, . . . ,j k } is a subset of {0, . . . , h — 1},, then (adapting Appendix A 
of |Zabl2j to our situation) we define IZ 1 ({Yj}j eJ ) to be the ring of power series 

fiy. V- ) = a Y mi ■ ■ ■ Y mk 

J I Jl) " " " > 3k) / j Ul m 1 ...m k 1 n 1 Jfe > 

mi,...,mj.£Z 

such that val p (a m ) + w(m)/r — > +00 for all r & I. In other words, f(Y) is required to 
converge on the polyannulus {(Y , . . . , Y^-i) such that \Y \ = p~ 1//r , . . . , \Yh-i\ = p~ ph 
for all re J. We then define W(f(Y),r) = inf me z(val p (a m ) + w{m)/r) and, if I is closed, 
W(f(Y), I) = mf re rW(f(Y),r). 

We let lZ + ({Yj}j eJ ) = TZ^°' ,+ °°^{{Yj} j &J ) be the ring of holomorphic functions on 
the open unit polydisk corresponding to J. The Robba ring IZ({Yj}j e j) is defined as 
n({Yj} jeJ ) = U r>0 ^ [r;+TC[ ({5jW)- In order to lighten the notation, we write IZ^Y), 
TZ + {Y) and TZ(Y) instead of TZ 1 (Y , . . . , l^-i), TZ + (Y , Y h ^) and K(Y , Y h ^). 
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The rings 1Z 1 \{Yj}j e j) are endowed with an F-linear action of IV, given by the formula 
a(Yj) = [a 3 (a)](Yj) . There is also an F-linear Frobenius map : 

given by Yj i— > [p](Yj), where I' is the image of / by the map r (->■ min(r/g, r/(r + 1)). 

On the ring 7?/(Y"), we can define in addition an absolute cr-semilinear Frobenius map 
ip by Yj i — y Yj + i for ^ j ^ h — 2 and Yh-i M- [p](Yo)- This map 99 has the property that 
ip h = (fq, and it also commutes with Fp. 

Let tj = log LT (Fj). Since a(Yj) = [cr*(a)](Fj) if a G IV, we have a(£j) = a l (a) ■ £j. If 
£ = t • • -th-i, then #(£) = N f/Qp (xlt(sO) • £ = Xcyci(fl') -tifgeGp and tp(t) = pt so that 
£ behaves like a multiple of the "usual" £ of p-adic Hodge theory (see proposition 13.41 for 
a more precise statement). 

The following two propositions are variations on the "Weierstrass division theorem" . 

Proposition 2.1. - - Let I = [0; s] or [0; s[ and let P(T) G CVP1 be a monic polynomial 
of degree d whose nonleading coefficients are all divisible by p. If f G 1Z 1 '({Yj}jej) , 
then there exists g G 1Z 1 ({Yj}j eJ ) and fo, ■ ■ ■ , fd-i £ ^({^iL'eJUi}) suc ^ that f = 
fo + fiYi + --- + h-iYf- 1 + gP(Yi). 

Proof. — If J = [0; s] is closed, then this is a straightforward consequence of the Weier- 
strass division theorem. Since g and the /j's are uniquely determined, the result extends 
to the case when I — [0; s[. □ 

Proposition 2.2. — Let I = [s;s] and let P(T) G CVP1 be a monic polynomial of 
degree d, all of whose roots are of valuation —1/s. If f G lZ T ({Yj}j e j), then there exists 

g G ft 7 ({Y}} jeJ ) and / ,...,/ d _i G ^(P^ieAW) snc/l t/iat / = /o + + • • • + 
/ d _ 1 ^- 1 +^P(^). 

Proof. — The polynomial Q(T) = P(l/T)T d /P(0) is monic and all its roots are of 
valuation 1/s. Write f = f + + f~ where / + contains positive powers of Yj and f~ 
contains negative powers of Yj. One may Weierstrass divide / + by P{Yi) and /~ by 
Q(l/Yj), which implies the proposition. □ 

Lemma 2.3. - - The action ofTp on 1Z{Y) is Q, p -analytic, and we have 




Proof. — This follows from [l+o](^-) = *i® M(*i) = ^©(^'( G )- lo gLT(^) + °( a2 ))- D 
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Proposition 2-4- — Let p = (p±, . . . , pn-i) and let 1Z F (Ti, . . . , denote the ring 

of Laurent series converging for |Tj| = p%, with coefficients in Ff.. If the Zi G mp are 
such that log LT (zj) ^ 0, \z{\ = Pi and g{zi) = [a l (g)](zi) for g G Op, then the map 
TZ F (Ti, . . . , T h _]) — > C p given by evaluating at (zi, . . . , z^-i) is injective. 

Proof. — Suppose that f{z x , z h _i) = for some / G 1Z Fk (Ti, T h _i). If g G T Fk , 
then f(g(zi),...,g(zh-i)) =0. If g = 1 + a with a small, then lemma fL2l provides 
us with h — 1 elements yi, ■ ■ ■ ,yh-i of Foo such that g(zi) = Zi + cr*(a) ■ ?/j + 0(a 2 ). 
Since yi = log LT (zj) ■ dS/dU(zi,0) and dS/dU is a unit and log LT (zj) ^ 0, the elements 
yi, ... , y^-i are all nonzero. 

If / 7^ and m is the smallest index for which / has a nonzero partial derivative 
of order m at (zi, . . . , z^-i) and if we expand f(g(zi), . . . , (/(^_i)) around (^i, . . . , Zh-i) 
(which generalizes lemma 12.31) , we get 

ji+-+3h-i=m dl 1 ■■■dl h _ 1 

Since f(g(zi), . . . ,g{zh-i)) = 0, the above linear combination is a homogeneous poly- 
nomial, of degree m in h — 1 variables and coefficients in F^, that is identically zero 
on (cr 1 (a), . . . , cr /l ~ 1 (a)). The shortest nonzero polynomial that is identically zero on 
(cr 1 (a), . . . ,a h ~ 1 (a)) can be taken to have coefficients in F and Artin's theorem on the 
algebraic independence of characters implies that it is equal to zero. Since all the y^s are 
nonzero, all the partial derivatives of order m of / are zero, so that finally / = 0. □ 



3. Embeddings in B dR 

We now explain how to embed the rings of power series of the previous section in 
the usual rings of p-adic periods. Let B 7 be the ring defined in §2.1 of |Ber02j . This 
ring is complete with respect to the valuation V(-,I) (denoted by Vj(-) in §2.1 of ibid.). 
Recall that if x = ^2 k>0 p k [xk] G A + , then V(x,r) = inffc(valE(xjt) + krp/(p — 1)). Set 
rp = p h ~ l ■ q/(q — 1) ■ (jp — l)/p (for example, Vq p = 1 and if h > 1, then rp < p 1 ' 1 ^ 1 ). 

Proposition 3.1. — If r ^ rp, then V(ip^(u),r) = p 3 ' ■ q/(q — 1) for ^ j ^ h — 1. 

Proof. — Recall that u = {ti} where ix = (ttq, 7Tl, . . .) with val p (7r n ) = l/q n ~ l (q — 1) 
for n ^ 1, so that valE(vr) = q/(q — 1). We have <p^(u) = [tt pJ } + J2k^iP k [ u k,j] where 
valE(wjfcj) > 0, so that if r ^ rp, then ^ (u)/[tt pJ ] is a unit of A^ r and the proposition 
follows. □ 

Note that a better estimate on the valE(wfcj) would give a better estimate of rp. Let 
s n = p n ~ h (q — 1) and let r n = p n ~ 1 (p — 1) (so that s n ■ q/(q — 1) = r n ■ pj \p — 1)). 
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Proposition 3.2. — If n ^ h, and if f(Y) G TZ [s "'' s ^ (Y) , then /(«,..., i^A -1 ^)) con- 
verges in B'' rn;r ™^ . 

Proof. If f(Y) = j: mezh a m Y m G TZ^ S ^{Y), then vaL> m ) + w(m)/(p n ~ h (q - 1)) -> 
+oo. If n ^ h, then r n > rjr so that ^((^(w), r) = p- 7 • q/(q — 1) for ^ j ^ /i — 1 by 
proposition 13. 1[ and then 

V{a mQr .. >mh _ x u m «---ip h -\u) mh -\r n ) -> +oo. 

The series /(tt, . . . , therefore converges in B^™^'™!. □ 

Corollary 3.3. -- Ifn^ h, and if f(Y) G then f(u, . . .,<p h ~\u)) converges 

in B[° ;r "l. Iff(Y) G ll + (Y), then f(u, . . converges m B+ g . 

Proof. — If / G 7^ 0;s ™](y), then each term of the series f(u, . . . , ip h ~ l (u)) belongs to 
B + so that it converges in B' 0;rn ] by the maximum modulus principle (corollary 2.20 of 
[Ber02j). The second assertion follows by passing to the limit. □ 

Proposition 3-4- - - The image of log LT (lo) • • • log LT (l^_i) under the above map be- 
longs to p h ~ x • Zp -t, where t is the usual t of p-adic Hodge theory. 

Proof. — The product log LT (Yo) • ■ Tog^^-i) is an element v of B<[ R that satis- 
fies g{v) = Xcyci(fiO • v so that it is a multiple of t, and we need to determine the 
p-adic valuation of the multiplying coefficient. By Boxall's theorem (theorem B of 
[Box86] ). we have val p (0(t/ log LT (u))) = l/(p - 1) - l/(q - 1). On the other hand, 
val p (log LT (^(«))) = val^lim^oo^]^ 3 )) = l+^'/(g-l) if 1 < j ^ h-1. This implies 
that val p (t/log LT (tt) • • Tog LT (<y9 ?t ~ 1 (-u))) = —{h — 1), and hence the proposition. □ 

Definition 3.5. — Let i n : TZl Sn > Sn i(Y) — > B~[" R be the compositum of the map defined 
above, with the map ip~ n : B>" ;r "] ->■ B> o;r °] and the map B> o;r °] C B+ R defined in §2.2 
of |Ber02j . 

It follows from the definition as well as the formulas for tp and the action of IV on 
TZ^Y) that L n+1 (cp(f)) = t n (f) when applicable, and that g{t n {f)) = tn{g{f)) if 9 G G F . 
Since i n (t) = p~ n t, we can extend i n to i n : H^ n ' s ^(Y)[l/t] -> B dR . 

Theorem 3.6. — If n ^ h, if f G K [Sn '< Sn] (Y), and if n = hk + i with ^ i ^ h - 1, 
then we have i n (f) G Fi^B^ if and only if f G Q k (Y$ ■ K [Sn ' Sn] (Y). 

Proof. — Recall that u = {(vr , Tr%, . . .)} G A + . If m ^ 1 and we define u m = 9((p~ m (u)) G 
Foo, then g(u m ) = [a^ rn (g)](u m ). Note that if m = hi, then u m = 9((p~ e (u)) = tt£. The 
theorem is equivalent to the assertion that f° "(«„, . . . , u n -h+i) = in C p if and only if 
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/ e Q k {Yi) ■ TZ^' S ^(Y). We have w n _; = n k so that if / belongs to Q k (Y$ ■ K.^< S ^(Y), 
then f a ~ n (u n , . . .,u n - h +i) = 0. 

Since Qk{T) is a monic polynomial of degree d = q k ~ 1 (q — 1), whose nonleading co- 
efficient is divisible by p, we can use proposition 12.21 to write f a ™ = /o + li/i + • • ■ + 
Yf~ x fd-i + Qk(Yi)r with /j a power series in the Y^-'s with j 7^ z. Proposition 12.41 applied 
to g = f + 7Tfc/i H — • + n^fd-i, with the l}'s a suitable permutation of the Y}'s, shows 
that (7 = 0. Therefore, / = <5fc(^) r ' 7 ™ ) which proves the theorem. □ 

Corollary 3.7. — Ifn^ h, then the map i n : TZ\- S ^ S ^(Y) — y ~B+ R is injective. If n & Z, 
i/iera t/ie map t n : 7?. + (y) — >■ B^~ R is injective. 

Proof. — The first assertion follows from theorem 13.61 The second follows from that, 
and from the fact that L n+ i((p(f)) = L n (f) for the other n. □ 

4. (ip q , IV)-modules in one variable 

Before constructing (ip q , r^-modules over 1Z(Y), we review Kisin and Ren's construc- 
tion of (ip q , ri?)-modules in one variable and explain why we need rings in several variables. 

Let Y be the variable of $21 and let £ (Y ) be Fontaine's field of |Fon90] with coefficients 
in F, that is £{Y ) = O e (Y )[l/p] where O £ {Y ) is the p-adic completion of O F {Y j [1/Y ]. 
We let S'(Yo) and TZ(Y Q ) denote the corresponding overconvergent and Robba rings. If 
J is a subinterval of [0; +00], then we denote as above by IV (Yq) the set of power series 
f(Y) = J2m€Z a mY™ that belong to 7£ j (1q, • • • , Yh-\) v i & the natural inclusion. 

If Kj F is a finite extension, then by the theory of the field of norms, there corresponds 
to it a finite extension £k(Yq) of £(Y ), of degree [K^ : Foo]. A {ip q , r^)-module over 
£k{Yq) is a finite dimensional £k{Yq)- vector space D, along with a semilinear ip q and a 
compatible action of IV- We say that D is etale if D = £ K (Y ) ®o e {y ) Do where D is a 
{(p g , lV)-module over Og K (Y ). By specializing the constructions of [Fon90j, Kisin and 
Ren prove the following theorem in their paper (theorem 1.6 of [KR09J). 

Theorem ^..1. — The functors 

V H- (£(Y ) U ™ ® F V) Hk and D ^ (£(Y ) um ® £k{Yq) D)^ =1 

give rise to mutually inverse equivalences of categories between the category of F -linear 
representations of Gk and the category of etale ((p q ,T K ) -modules over £ K (Y ) . 

We say that an F-linear representation of Gk is F-analytic if it is Hodge- Tate with 
weights at all embeddings r 7^ Id. Kisin and Ren then go on to show that if K C F^, 
and if V is a crystalline representation of Gk, that is F-analytic, then the ((p q , T^-module 
attached to V is overconvergent (see §3.3 of ibid.). 
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Assume from now on that K C F^,, so that £k(Xo) = S{Yq). If D is a ((p q , r^)-module 
over H(Yq), and if g G Tk is close enough to 1, then by standard arguments (see §4.1 of 
[Ber02j or §2.1 of [KR09J), the series log(g) = log(l + (g — 1)) gives rise to a differential 
operator V g : D — > D. The map LieT^ — > End(D) arising from v i— > V exp (i;) is Q p -linear, 
and we say that D is F-analytic if this map is F-linear (see §2.1 of [KR09J and §1.3 of 
[FX12j ). 

Theorem 4-2. — If V is an overconvergent F-linear representation of Gk, and if 
D(V) = TZ(Y ) ®5t(y ) D^(y) is F-analytic, then V is F-analytic. 

Proof. — Choose 1 ^ j ^ h — 1, and let n ^> be such that n = —j mod h. By 
proposition 13. 2\ we have a map 9 o <p~ n : ^"^(Kq) -> B+ R -> C p , which gives rise to 
an isomorphism 

c,<T; ; ii ( y 0) D[sn;sn] (^)^c p <>. 

Let F^ denote the subfield of locally £r 3 -analytic vectors of F^ for the action of Tk- 
Note that 9 o ^ n (n^ s ^{Y )) C F$. Let D^(V) be the F^-vector space 

= Fff «^-»(7*[— ](y o)) O <^(D^(F)). 

It is of dimension d, its image in (C p <S>f V) Hf generates C p <S>p V, and its elements are all 
locally cr^-analytic vectors of (C p ® a p V) Hp because D(V) is F-analytic. If y G Dgg n (V), 
then (g(y) — y)/(a :i (g) — 1) has a limit as g — > 1, and we call V(y) this limit. We then 
have flf(y) = exp(log p (cx J o Xlt(sO) ■ V)(y) if # G L"^ is close to 1. 

Recall that there exists aj G C p such that logger- 7 o ^lt(^)) = ^(^i) — a j- F° r example, 
one can take aj = log p 9(tj). The element aj then belongs to F^ for obvious reasons. If 
y G D^(V"), then exp(— p m ajV)(?/) converges for m = m(y) large enough, and its limit 
is an element of Dg^CV) that is fixed by T Km . 

If yi, . . . , ya is a basis of Dg^V), and if m ^ maxm(?/j), then the exp(— p m ajV)(yi) 
are fixed by r^ m and linearly independent over K m . This implies that the restriction of 
V to G;f m is C p - admissible for the embedding a- 7 . This is true for all 1 ^ j ^ h — 1, and 
therefore V is F-analytic. □ 

Note that an analogous argument for the proof of theorem 14.21 was recently given by 
Bingyong Xie. 

Corollary 4-3. — IfVis an absolutely irreducible F-linear overconvergent representa- 
tion of Gk, then there exists a character 5 ofTx such that V <g> 5 is F-analytic. 

Proof. - - We give a sketch of the proof. Choose some g G T K such that log (xlt(5 1 )) 7^ 0, 
and let V = log(g)/log (xlt(<7))- Choose r > large enough and s ^ qr. If a G Of, 
and if val p (a) ^ n for n = n(r, s) large enough, then the series exp(a • V) converges to an 
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operator on D' r; ^(V). This way, we can define a twisted action of Yk„ on D^'^V), by the 
formula h*x = exp(log p (xLT(^)) • V)(x). This action is now F-analytic by construction. 

Since s ^ qr, the modules Dw m " r '>9 ms l (y) for m ^ are glued together by ip q and this way, 
we get a new action of Y Kn on D(V). Since ip q is unchanged, this new (<p g , r^ n )-module 
is etale, and therefore corresponds to a representation W of Gp n - This representation W 
is F-analytic by theorem 14.21 and its restriction to Hp is isomorphic to V. 

The space Hom( V, hid G ^ W) Hp is nonempty, and is a finite dimensional representation 
of Yk- Since Yk is abelian, we find (possibly extending scalars) a character 8 of Yk and 
a nonzero / G Hom(V,ind^ W) Hp such that = 5(h) ■ f if /t G Gy. This / gives 
rise to a nonzero G^-equivariant map V <8> 5 — > ind2 K W. Since ind2 K W is F-analytic 
and V is absolutely irreducible, the corollary follows. □ 

Corollary 14.31 suggests that if we want to attach overconvergent (ip q , lV)-modules to 
all F-linear representations of Gp, then we need to go beyond the objects in only one 
variable. We finish with a conjecture that seems reasonable enough, since it holds for 
crystalline representations by the work of Kisin and Ren. See also theorem 0.3 of [F X12] . 

Conjecture 4-4- — IfVis F -analytic, then it is overconvergent. 



5. Construction of 7?. + (F)-modules 

We now explain how to construct some free 7£ + (y)-modules M + (D) of finite rank that 
are attached to filtered ^-modules D. Let D be a finite dimensional F- vector space, 
endowed with an F-linear Frobenius map <p q : D — > D, and an action of Gp on D that 
factors through Yp and commutes with <p q . 

If n G Z, let BdR ® F D denote the tensor product of BdR and D above F, where F 
maps to Bjr via (p n . We then have b © a ■ d = (f n {a) -b® d. Note that Bjr ® f D only 
depends on n mod h. For each ^ j ^ h — 1, let Fil* be a filtration on D that is stable 
under Y F , and define W£g(D) = Fil°(B dR ©£ J D) so that W^> is a G F -stable B+ R -lattice 
of B dR <£>. 

Example 5.1. — If V is an F-linear crystalline representation of Gp of dimension d, 
then D cris (V) is a free F ©q p F-module of rank d and we have D cris (V) = D © <f{D) © 
• • • © v5 /l_1 (-D), according to the decomposition of F ©q p F as Y\ al . F ^ F F . Each <p^(D) 
has the filtration induced from D cris (y), and we set Fil*D = ^- i (Fil fc D cris (V) n <p j (D)). 

Let Aj = log LT (Y^/Y^ and A = Ao ■ • ■ Xh-i, so that t is a Q p -multiple of A • Y ■ ■ ■ Yh-\- 
Hy = E i fi®d i e n+{Y)[l/X\ © F D, let t n {y) = £\ Uh) ® * e B dR D. 
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Definition 5.2. — Let M+(D) be the set of y G TZ + (Y)[1/X] <g> F D that satisfy G 
WdR~ for all fc ^ /i. 

In the remainder of this section, we prove that M + (D) is a free 7£ + (V)-module of rank 
dimD. Let n = hm + (h — 1) where m ^ 1. Recall that on the ring 72i ' s "J(Y), the map 
Lk is defined for h ^ k ^ n. Let 

M ( J D)[°; s »] ={1/6 H [0 ' Sn] {Y)[l/X] ® F D, tfc (j/) G W£f h (D) for all /i ^ fc < n}. 
For ^ j ^ /i - 1, let 

jVj 0;s " ] = g ^^(^Ofl/^i] ®f A <Pq k V~ j (y) e for all 1< fc ^ m}. 

Proposition 5.3. - - The lZ^' ,Sr ^{Yj) -module N^ '^ is free of rank d = dimD, and the 
map Bj R ®^[o^ n }(Y ) iV"j ' s ^ — > W^~\D) is an isomorphism for all 1 ^ fc ^ m. 

Proof. — Since there is only one variable, the proof is a standard argument, analogous 
to the one which one can find in §11.1 of [Ber08b] or §2.2 of [KR09] . □ 

Let Mf M = n^(X)[l/fj] %o ;s „, K) Nf' Sn] , where f j = A/A,, 

Proposition 5.4. - We have M(D)^[1/ fa] = Mj 0;Sn] . 

Proof. — In the sequel, we use the fact that Qi(Yj) ■ ■ ■ Q m iXj) and Xj generate the same 
ideal of 7^ 0;Sn '(lj) (recall that n = hm + (h— 1)). Let a and b be two integers such that 

* a B+ R < D C Wg{D) C r b B+ R < D, 

for all j. We then have M(£>)[° ;s "] C X~ b ■ TZ [0 ' Sn] (Y) <g> F D by theorem ESI 

We have ^ hk+ ^(n^ Sn \Y){l/ fj}) C B+ R for all 1 ^ fc ^ m so that if y G Mf Sn \ 

then ^ hk+ 'j\y) G W^f j (D) for all 1 ^ fc ^ m. On the other hand, if y G Mf' Sn \ then 

y G X~ c ■ TZ [0 ' Sn] (Y) ® F D for some O 0, so that f? +c y G M(D)[° ;S "1. This implies that 

Nlf ]Sn] c M(D)W[l// j ]. 

We now prove that M(D)[° ;S "1 C m] 0;s,i] . Choose y G M(D)[° ;S "1. Since 

M(D) [0 '' Sn] C A" 6 ■ 7^ 0;s " ] (r) ® F L>, 

we can write y = X~ b ^2 k fk <S> dk- By Weierstrass dividing (proposition 12.11) the fk's by 
the polynomial (Qi(^) • • • Q m { Y j)) a+b , w e can write y = (Qi(^) • ■ ■ Q m { Y j)) a+bz + Vo 
with y G n^(Y)[l/X] ® nl o;s n](Y]) ivf *" ] . Note that (Q 1 (Y j ) ■ ■ ■ Q m {Yj)) a + b z G m] 0;s " ] 
because t a B+ R ^ D C so that (Qi(YJ-) ■ • • Q m ( Y j)) a • ^ C 

Write = Yl=i a k®n k where a fc G 7^ 0;s " ] (r)[l/A] and ni,...,n d is a basis of A^ [0;s ' l] . 
The element yo satisfies (p~ l (p~i (y ) G W^ 3 {D) for all 1 ^ £ ^ m. By proposition 15.31 
the map 

r+ is^A^ - ' /v [0;Sn] -5. w + ~ j ( n) 
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is an isomorphism; this implies that (p„ (p ■'(cik) G B~[" R for all 1 ^ £ ^ m. Theorem 
13.61 now implies that a k has no pole at any of the Qi(Yj), . . . , Q m (Yj), so that we have 
a k G n l °' Sn] (Y)[l/ '/,-]. This implies that y G Mf' Sn] , and therefore also y. 

This proves that M(D)^ C Mf M and therefore M(D)^[1/ ' f 3 ] = Mf M . □ 

Theorem 5.5. - - The 1Z + (Y) -module M + (D) is free of rank dim D. 

Proof. — Note that fo, ■ ■ ■ , fh-i generate the unit ideal of 7^ 0;Sn l(F). Since the 
TZ^(Y)[1 //^-module M(D)^[l/f j ] = Mf M is free of rank dimD for all j, we 
have (see theorem 1 of II. 5. 2 of [Bou61J) that M(D)[° ;Sn l is projective over TZ^ Sn \Y) 
(note that by Kedlaya's "Quillen-Suslin theorem for Tate algebras", proposition 6.6 of 
[Ked04j . M(D)[° ;S "1 is then actually free over TZ [0 ' Sn] (Y)). 

The system {M(D)^ 0;Shm +( h - 1 ^]- m ^i forms a vector bundle over the open unit polydisk, 
whose global sections are precisely M + (D). By combining proposition 2 on page 87 of 
[Gru 68j (note that his "A m " is defined at the bottom of page 82 of loc. cit.), and the 
main theorem of [Bar81j, M + (D) is free of rank dimD over TZ + (Y). □ 

6. Properties of M + (D) 

We now prove that TZ(Y) <S>Tz+m) M + (D) is a (ip q , rV)-module over TZ(Y), and that if 
D arises from a crystalline representation V, then M + (D) and V are naturally related. 
It is clear from the definition that M + (D) is stable under the action of IV. We also have 
A a • K + (Y) ® F D c M + (D) so that 

n + {Y)[l/\] ® n+{Y) M + (D) = n + {Y){l/X] ® F D. 

Recall that n = hm + (h — 1) with m ^ 1. 

Lemma 6.1. - - The TZ [0 ' Sn] (Yj) -module iVj 0;Sn] is stable under <p q , and Nf ;Sn] /<p*(Nf'' Sn] ) 
is killed by Qi{Yj) a: > for some aj ^ 

Proof. — This concerns the construction in one variable, so the proof is standard. See 
for example §2.2 of [KR09| . □ 

Proposition 6.2. - - The 1Z + (Y) -module M + (D) is stable under the Frobenius map (p q , 
andM+(D)/<p*(M+(D)) is killed by Qi(Y ) a ° ■ ■ ■ Q 1 (Y h _ 1 ) ah ~ 1 . 

Proof. — It is enough to show the proposition for M(Z})[° ;Sn l Recall that 

In particular, by lemma EH m| 0,s '^ itself is stable under tp q . Since Mj 0,Sn ' is stable under 
(p q and M(D)[° ;S ™] = rwj 0;Sn] , we have that M(D)^ is stable under (p q . 
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Suppose now that y E M(D)^°' Sn \ The fact that 

A " . -jz [0 ' Sn] {Y) ® F Dc M{D) [0 ' Sn] C \- b ■ TZ [0 '' Sn] {Y) ® F D 

implies that if c = a + b, then X c y £ (p*(M(Dy°' Sn ^) . Let m^, . . . , be a basis of 
M(D)I" ;S "1 so that ip q {m 1 ),...,y q {m d ) is a basis of <p*(M(Z>)[° ;s "]) over 7l [0]Sn] (Y), as well 
as of (p*(Mj is ™') over 7?i 0;Sn ](F)[l//j]. We can then write X c y = YliVi® m « an d the 
fact that y e Mf M and that Mj 0;Sn] /^*(Mj 0;Sn] ) is killed by Qi{Yjfi implies that 
yt is divisible by X c /Q 1 (Yj) a ^ in 7^ 0;s ^(Y)[i// 7 ]. This shows that yi is divisible by 
A7((5i(F ) ao • • ■Qi{Y h -i) ah - 1 ) in ^ [0;S "](F), which implies the second statement of the 
proposition. □ 

Remark 6.3. — Instead of working with a D where the nitrations are defined on D, 
we could have asked for the nitrations to be defined on F n % D for some n ^ 1. The 
construction and properties of M + (D) are then basically unchanged, but the determinant 
of ip q is possibly more complicated than in proposition 16.21 This applies in particular to 
representations of Gp that become crystalline when restricted to Gf u for some n ^ 1. 

Definition 6-4- — A (ip q , r^)-module over IZ(Y) is a free 7?.(Y)-module D of finite 
rank, endowed with a semilinear Frobenius map (p q , such that y?g(D) = D, and a contin- 
uous and compatible action of Tp. 

Theorem 6.5. — If D is a ip q -module with an action ofTp and h filtrations as above, 
then 7Z(Y) ®k+(y) M + (D) is a (ip q ,Tp) -module over 1Z{Y) . 

Proof. — This follows from theorem 15.51 and proposition 16.21 □ 

Remark 6.6. — In [KR09J, Kisin and Ren construct some (ip q , rV)-modules M^ R (D) 
in one variable, over the ring TZ + (Y Q ), from the data of a D like ours for which the 
filtration Fil* is trivial for j ^ 0. For those D } we have M + (D) = 7£ + (y)® K +(y o) M£ R (.D). 
More generally, our construction shows that M + (D) comes by extension of scalars from 
a (if q , r^)-module in as many variables as there are nontrivial filtrations among the Fil*. 

Proposition 6.7. — If n = hk + j ^ h, then the map 

BIr tn(M + (D)) -> FirV(B dR ®f D) 

is an isomorphism. 



Proof. 



- The proof is the same as that of lemma II. 1.5 of |Ber0 8b|. 



□ 
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Suppose now that D comes from an F-linear crystalline representation V of Gf as in 
example 15.11 In this case, Fil°(B dR ®^ D) = B+ R ®^ V. Moreover, one recovers V from 
D by the formula: 

V = {y G (B+ g [l/t] ® F DY"=\ y G Fil°(B dR < D) for aU < j ^ h - 1}. 

Recall that we have constructed in $3] an injective map 1Z + {Y) — > B+ g . This way we 
get a map 

B+ g ®tz +{Y ) M + (D) -> B+ g [l/t] ®f D — >■ B+ g [l/t] ® F V. 
Let Bj; g be the rings defined in §2.3 [Ber02j . Recall that n(r) is the smallest n such 
that r ^ p n ^ 1 {p — 1). We have the following lemma. 

Lemma 6.8. — If ' y G B]!jg[l/£] satisfies f~ n {y) G Bj R /or a// n ^ ri(r), t/ien y G Bj£. 

Proof. — See lemma 1.1 of [Ber09| and the proof of proposition 3.2 in ibid. □ 

Theorem 6.9. — If D comes from a crystalline representation V , and ifr ^ p h ^ 1 (p— 1), 
then the map above gives rise to an isomorphism 

Bj£ ® n+(Y) M + (D) -> B% ® F V. 

Proof. - - We first check that the image of the map above belongs to Bj- g ®f V. If y G 
Brig®rc+(y)M+(£>), then its image is in Bj£[l/t] <g> F V and satisfies (p' n {y) G B+ R ®f n V 
for all n ^ n(r), so the assertion follows from lemma [6T8l 
By proposition I6.7[ the map 

B^r ® ln( W iQ LnfilQ ®K + (Y) M + (^)) B+ R 7 

is an isomorphism if n ^ n(r). The two B^ g - modules BV <S>7j+(y) M + (D) and Bj- g (g) F V" 
therefore have the same localizations at all n ^ n(r), and are both stable under Gp, so 
that they are equal by the same argument as in the proof of lemma 2.2.2 of [Ber08aJ 
(the idea is to take determinants, so that one is reduced to showing that if x G B\f 
generates an ideal stable under Gf, and has the property that L n (x) is a unit of B"^ for 
all n ^ n(r), then x is a unit of B\Q. □ 

7. Crystalline (cp q , r^)-modules 

Let M be a (ip q , r^-module over TZ(Y). In this section, we define what it means for M 
to be crystalline, and we prove that every crystalline (ip q , IV)- module M is of the form 
M = M(D), where D is a filtered (^-module on which the action of Gf is trivial. The 
results are similar to those of [Ber08b] . which deals with the cyclotomic case. 

Lemma 7.1. We have Frac(ft(Y)) rF = F. 
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Proof. — If x G Frac(7?.(y)) rF , then we can write x = a/b with a,b G 7^ s ™' Sn '(y) for some 
n 3> 0. By proposition 13. 2[ the series a(u, . . . , </?' l ~ :L (w)) and 6(w, . . . , <^> (w)) converge 
in B' r " ;rn l We can therefore see tp~ n (a) and (p~ n (b) as elements of B^ R , which satisfy 
ip- n (a)/ip- n (b) G B%£. The lemma now follows from the fact that = F. □ 

If M is a (tp q , r F )-module over ft(F), then let D cris (M) = (K(Y)[l/t) (g) n{Y ) M) Tf . 

Corollary 7.2. - - IfM is a (cp q ,T F ) -module overTZ(Y), then dimD cris (M) ^ rk(M). 

Proof. — By a standard argument, lemma [7j] implies that the map 
Frac(ft(r)) ® F B cvis (V) -4- Frac(ft(F)) ® n[Y) M 
is injective. □ 

Definition 7.3. - - We say that a ((p q , lV)-module M over 7Z(Y) is crystalline if 
dimD cris (M) = rk(M). 

For example, if D is a filtered (/^-module on which the action of Gp is trivial, then 
M(D) is a crystalline (<p q , r^-module. 

Proposition 7-4- - - The category of crystalline (ip q ,Tp) -modules over TZ{Y) is a <g>- 
category stable under subquotients and duals. 

Proof. — If Mi and M 2 are crystalline, then D cris (Mi) <g> D cris (M 2 ) injects into D cris (Mi (g) 
M 2 ) so that Mi g) M 2 is crystalline. If — >■ Mi — > M — > M2 — > is a short exact sequence 
of (ip q , r^)-modules over 7l(Y), then we have a short exact sequence — > D cris (Mi) — >• 
D cr i s (M) — > D cris (M 2 ). If M is crystalline, then the inequalities dimD cris (Mi) ^ rk(Mi) 
and dim D cr i S (M2) ^ rk(M2) imply that we have equality, so that both Mi and M2 are 
cystalline. The assertion concerning duals now follows by taking exterior powers. □ 

Proposition 7.5. — // / G TZ^ S ' +00 ^(Y) generates an ideal of 7^i s;+00 '(F) that is stable 
under T F , then f = u ■ YljZo Yln^n{s)(Qn0^j) lvY n,i where u is a unit and a n j G Z^ - 

Proof. — Recall that a power series / G 1Z (Y) is a unit if and only if it has no zero in 
the corresponding domain of convergence (by the nullstellensatz, see §7.1.2 of [BGR84J). 

Let I = [s;u] be a closed subinterval of [s;+oo[, so that / G II 1 (Y), and let z = 
(zq, Z\, . . . , Zh-i) be a point such that f(z) = 0. Let J be the set of indices such that Zj 
is not a torsion point of LT h and let fj G TZ F ({Yj}j^j) be the power series that results 
from evaluation of the Y m at z m for all the z m that are torsion points of LT^ (here k is 
large enough so that all those z m belong to F^). The ideal of T^F h ({Yj}j e j) generated by 
the power series fj is stable under 1 + p k O F) so that the set of its zeroes is stable under 
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the action of l+p k O F . Furthermore, fj has a zero none of whose coordinates are torsion 
points of LT/j. The same argument as in the proof of proposition 12.41 shows that fj = 0. 

If we denote by Zj(f) the zero set of / G 1Z 1 (Y), then the preceding argument shows 
that Zj(f) is the union of finitely many components of the form Z Q x • • ■ where for 
each j, either Zj is a torsion point of LT^ or Zj = Zj({0}). For reasons of dimension, 
each of these components has precisely one Zj which is a torsion point, the remaining 
h—1 being Zj({0}). This implies that in 7?/(Y), / is the product of finitely many Q n (Yj) 
by a unit. 

The proposition now follows by a standard infinite factorisation argument, by writing 
[s; +oo[= U u ^ s [s; u]. □ 

Corollary 7.6. — IfM is a crystalline (ip q ,F F ) -module overlZ(Y), then the map 

K(X)[l/t] ® F D cris (M) -> K(X)[l/t] ®n{Y) M 

is an isomorphism. 

Proof. — The map is injective by lemma 17.11 and its determinant generates an ideal of 
H(Y)[l/t] that is stable under Tp. Proposition 17.51 implies that this ideal is the unit ideal 
of lZ(Y)[l/t], and therefore that the map is an isomorphism. □ 

We now consider nitrations on D cris (M). 

Lemma 7.7. — Let D be a filtered F -vector space with a trivial action of G F , and let 
W be a B^ R -lattice of B dR ® F D that is stable under G F - If we set FiVD — D fl t % • W, 
then W = Fil°(B dR ® F D). 

Proof. — Let ei, . . . , be a basis of D adapted to its filtration, with G Fi\ ht \ Fi\ ht+1 D. 
We then have Fil°(B dR ® F D) = ®f =1 B^ R ■ t~ K ei. By definition, we have t~ hi ei G W, so 
that Fil°(B dR ® F D) C W. We now prove the reverse inclusion. 

If w G W, then we can write w = a\t~ hx e\ + ■ ■ ■ + adt~ hd ed with a, G B dR and we need 
to prove that G B^ R for all i. If this is not the case, then there exists n ^ 1 such 

that if we set 6, = t n ai, then we have bit~ hl ei H h b d t~ hd e d G t ■ W, with b { G (B^ R ) X 

for at least one i. Consider the shortest such relation; in particular, 6j G (B d h R ) x for 
all % for which hi ^ 0, and we can assume that hi — 1 for at least one i. If g G G F , 
then applying 1 — Xcyci{g) hi 9 to the relation yields a shorter relation, which is therefore 
zero. This implies that (1 — Xcyci(g) hl g)(bjt~ h i) = bjt~ h J for all g G G F and hence that 
bj G F ■ t i~ hi . The relation above therefore reduces to an F-linear combination of those 
Cj for which hj = hi, belonging to D D t hi+1 W = Fi\ hi+1 D, and is hence trivial. This 
proves that W C Fil°(B dR ® F D). □ 



18 



LAURENT BERGER 



Definition 7.8. — Let M be a crystalline (<p q , T^-module over 1Z(Y), which we can 
write as M = 1Z(Y) <8>ft[*;+<x>i(Y) M^ ;+ °°' for some s large enough. For m ^> and j = 
0, . . . , h — 1 and n = hm — j, define 

Fil}(D cris (M)) = D cris (M) n f • (B+ R ®£; +oo[(y) M[ s;+ °°[). 

Proposition 7.9. - - The definition of Fil* (D cr i S (M)) does not depend on m > 0, anc? 
we have Fil°(B dR D cris (M)) = B+ R ®£ +oo[(y) M^+H 

Proo/. — If s is large enough, then M[ gs;+0 °[ = ip* g (M^- +00 t) so that 

which implies the first statement. The second statement follows from lemma [7T7] applied 

to W = B+ R <^ +oo[(y) Ml"+«[. □ 

Theorem 7.10. - - The functors M !->■ D cris (M) and D i-> M(D), between the category of 
crystalline ((p q ,Tp) -modules overlZ(Y) and the category of ip q -modules with h filtrations, 
are mutually inverse and give rise to an equivalence of categories. 

Proof. — If D is a ^-module with h filtrations, then it is clear that D cris (M(/})) = D 
as wmodules. The fact that Firj(D) = DCltf ■ Fii°(B dR ®f n D) follows from taking a 
basis of D adapted to Fil* and 

Fil°(B dR ®l n D) = B+ R ®i;, +ao[{y) M^(D) = Fil°(B dR D cris (M(L>))) 



by propositions 16.71 and I7.9[ so that the filtrations on D and D cr i S (M) are the same. 

We now check that if M is a crystalline (<p q , r^)-module over TZ(Y) and D = D cris (M) 
with the filtration given in definition I7.8[ then M = M(D). Corollary 17.61 says that we 
have 1Z (Y)[l/t] ®fD = 7£(y)[l/t]C*Wy)M. The theorem now follows from proposition 17.91 
and the fact that if y e K(Y ) [1/*] ®k(y) M, then y <E M if and only if y e B dR ®^ s " +oo[(y) M 
for all n ^> by theorem 13.61 □ 
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